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Abstract
We discuss the chromaticity of one family ofK4-homeomorphs which has girth 6, and give sufﬁcient and necessary condition
for the graphs in the family to be chromatically unique.
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1. Introduction
In this paper, we consider graphs which are simple. For such a graph G, let P(G; ) denote the chromatic polynomial of G.
Two graphs G and H are chromatically equivalent, denoted by G ∼ H , if P(G; ) = P(H ; ). A graph G is chromatically
unique if for any graph H such that H ∼ G, we have H ∼= G, i.e., H is isomorphic to G.
A K4-homeomorph is a subdivision of the complete graph K4. Such a homeomorph is denoted by K4(, , , , ε, ) if the
six edges of K4 are replaced by the six paths of length , , , , ε, , respectively, as shown in Fig. 1.
So far, the chromaticity ofK4-homeomorphs which have girth 3, 4, or 5 has been studied (see [2,4,5]). In this paper, we study
the chromaticity of K4-homeomorphs which have girth 6.
2. Auxiliary results
In this section we cite some known results used in the sequel.
Proposition 1. Let G and H be chromatically equivalent. Then
(1) |V (G)| = |V (H)|, |E(G)| = |E(H)| (see [3]);
(2) G and H have the same girth and same number of cycles with the length equal to their girth (see [8]);
(3) if G is a K4-homeomorph, then H is a K4-homeomorph as well (see [1]);
(4) if G and H are homeomorphic to K4, then both the minimum values of parameters and the number of parameters equal to
this minimum value of the graphs G and H coincide (see [7]);
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Fig. 1.
(5) suppose thatG=K4(, , , , ε, ) andH =K4(′, ′, ′, ′, ε′, ′) are chromatically equivalent homeomorphs such that
two multisets (, , , , ε, ) and (′, ′, ′, ′, ε′, ′) are the same, then H is isomorphic to G (see [4]).
Proposition 2 (Ren [6]). LetG=K4(, , , , ε, ) (see Fig. 1)when exactly three of , , , , ε,  are the same. ThenG is not
chromatically unique if and only ifG is isomorphic toK4(s, s, s−2, 1, 2, s)orK4(s, s−2, s, 2s−2, 1, s)orK4(t, t, 1, 2t, t+2, t)
or K4(t, t, 1, 2t, t − 1, t) or K4(t, t + 1, t, 2t + 1, 1, t) or K4(1, t, 1, t + 1, 3, 1) or K4(1, 1, t, 2, t + 2, 1), where s3, t2.
Proposition 3 (Peng and Liu [5]). K4-homeomorphsK4(, 1, 1, , ε, ) (see Fig. 1, where = 1, = 1) (min{, , ε, }2) is
not chromatically unique if and only if it isK4(a, 1, 1, a+b+1, b, b+1),K4(a, 1, 1, b, b+2, a+b),K4(a+1, 1, 1, a+3, 2, a),
K4(a + 2, 1, 1, a, 2, a + 2),K4(3, 1, 1, 2, b, b+ 1),K4(a + 1, 1, 1, a, 3, a + 2) orK4(a + 1, 1, 1, b, 3, a), where a2, b2,
and
K4(a, 1, 1, a + b + 1, b, b + 1) ∼ K4(a, 1, 1, b, b + 2, a + b),
K4(a + 1, 1, 1, a + 3, 2, a) ∼ K4(a + 2, 1, 1, a, 2, a + 2),
K4(1, b + 2, b, 1, 2, 2) ∼ K4(3, 1, 1, 2, b, b + 1),
K4(1, a + 1, a + 3, 1, 2, a) ∼ K4(a + 1, 1, 1, a, 3, a + 2),
K4(1, a + 2, b, 1, 2, a) ∼ K4(a + 1, 1, 1, b, 3, a).
Proposition 4 (Xu [9]). K4(1, , , 1, ε, ) (see Fig. 1, where  = 1,  = 1) is not chromatically unique if and only if it is
K4(1, b + 2, b, 1, 2, 2) or K4(1, a + 1, a + 3, 1, 2, a) or K4(1, a + 2, b, 1, 2, a), where a2, b1, and
K4(1, b + 2, b, 1, 2, 2) ∼ K4(3, 1, 1, 2, b, b + 1),
K4(1, a + 1, a + 3, 1, 2, a) ∼ K4(a + 1, 1, 1, a, 3, a + 2),
K4(1, a + 2, b, 1, 2, a) ∼ K4(a + 1, 1, 1, b, 3, a).
3. Main results
Lemma. If G ∼= K4(1, 2, 3, , ε, ) and H ∼= K4(1, 2, 3, ′, ε′, ′), then we have
(1) P(G)= (−1)n+1[r/(r − 1)2][−rn+1 − r4 − 2r3 − r2 + 2r + 2+Q(G)], where
Q(G)=−r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5 + r+ε+
r = 1− , n is the number of vertices of G.
(2) If P(G)= P(H), thenQ(G)=Q(H).
Proof. (1) Let r = 1− . From [7], we have the chromatic polynomial of K4-homeomorph K4(, , , , ε, ) as follows:
P(K4(, , , , ε, ))= (−1)n+1[r/(r − 1)2][(r2 + 3r + 2)− (r + 1)(r + r + r + r
+ rε + r)+ (r+ + r+ + r+ε + r++ε + r++ + r++ + r+ε+ − rn+1)].
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Then
P(G)= P(K4(1, 2, 3, , ε, ))
= (−1)n+1[r/(r − 1)2][(r2 + 3r + 2)− (r + 1)(r1 + r2 + r3 + r + rε + r)
+ (r+1 + r+2 + rε+3 + rε+3 + r+5 + r+4 + r+ε+ − rn+1)]
= (−1)n+1[r/(r − 1)2][−rn+1 − r4 − 2r3 − r2 + 2r + 2− r − rε − r − rε+1
− r+1 + r+2 + 2rε+3 + r+4 + r+5 + r+ε+]
= (−1)n+1[r/(r − 1)2][−rn+1 − r4 − 2r3 − r2 + 2r + 2+Q(G)],
where
Q(G)=−r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5 + r+ε+.
Proof. If P(G)= P(H), then it is easy to see thatQ(G)=Q(H). 
Theorem. K4-homeomorphs K4(, , , , ε, ) (see Fig. 1) which has girth 6 is not chromatically unique if and only if it is
K4(4, 1, 1, b + 5, b, b + 1) or K4(4, 1, 1, b, b + 2, b + 4) or K4(4, 1, 1, 6, 2, 3) or K4(5, 1, 1, 3, 2, 5) or K4(4, 1, 1, 3, 3, 5)
or K4(1, 4, 6, 1, 2, 3) or K4(4, 1, 1, b, 3, 3) or K4(1, 5, b, 1, 2, 3) or K4(1, a + 2, 2, 1, 2, a) or K4(1, 2, 3, a, 1, a + 1) or
K4(1, 2, 3, c, c + 4, c + 1) or K4(1, 2, 3, c + 2, c, c + 3) or K4(1, 2, 3, b, b + 1, b + 4) or K4(1, 2, 3, b + 3, b, b + 2) or
K4(1, 2, 3, b, b + 1, b + 3) or K4(1, 2, 3, b + 2, b + 2, b), where a3, b2, c1.
Proof. If G is a K4-homeomorph K4(, , , , ε, ) which has girth 6, then G must be one of the following six types:
Type 1:
K4(1, 1, , 3, ε, 1)(ε4, 4).
Type 2:
K4(2, 2, 2, , ε, )(+ ε4, ε + 4, + 4).
Type 3:
K4(, 1, 1, , 2, 2)(3, 4).
Type 4:
K4(4, 1, 1, , ε, )(+ ε5, ε + 4, + 5).
Type 5:
K4(1, , 2, 1, 2, )(3, 3).
Type 6:
K4(1, 2, 3, , ε, )(+ ε4, ε + 5, + 3).
If G has Type 1 or 2, then from Proposition 2, we know that G is chromatically unique.
If G has Type 3, then from Proposition 3, we know that G is chromatically unique.
IfGhasType4, then fromProposition 3,weknow thatG is not chromatically unique if andonly if it isK4(4, 1, 1, b+5, b, b+1),
K4(4, 1, 1, b, b + 2, b + 4), K4(4, 1, 1, 6, 2, 3), K4(4, 1, 1, 3, 3, 5), or K4(4, 1, 1, b, 3, 3), where b2.
IfG has Type 5, then from Proposition 4, we know thatG is not chromatically unique if and only if it isK4(1, a+2, 2, 1, 2, a),
where a3.
Suppose that G has Type 6 and is chromatically equivalent to another graph H, then from Proposition 1, we know that H is a
K4-homeomorph and
H ∼= K4(4, 1, 1, ′, ε′, ′)(′ + ε′5, ε′ + ′4, ′ + ′5)
or
H ∼= K4(1, ′, 2, 1, 2, ′)(′3, ′3)
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or
H ∼= K4(1, 2, 3, ′, ε′, ′)(′ + ε′4, ε′ + ′5, ′ + ′3).
We now solve the equation P(G)= P(H) to get all solutions.
Case A: If H ∼= K4(4, 1, 1, ′, ε′, ′), from Proposition 3, we know the solutions of the equation P(G)= P(H) are
K4(4, 1, 1, 6, 2, 3) ∼ K4(5, 1, 1, 3, 2, 5),
K4(4, 1, 1, 3, 3, 5) ∼ K4(1, 4, 6, 1, 2, 3),
K4(4, 1, 1, b, 3, 3) ∼ K4(1, 5, b, 1, 2, 3),
where b2 and
K4(5, 1, 1, 3, 2, 5) ∼= K4(1, 2, 3, 5, 5, 1),
K4(1, 4, 6, 1, 2, 3) ∼= K4(1, 2, 3, 1, 4, 6),
K4(1, 5, b, 1, 2, 3) ∼= K4(1, 2, 3, 1, 5, b).
Case B: If H ∼= K4(1, ′, 2, 1, 2, ′), from Proposition 4, we know the solutions of the equation P(G)= P(H) is
K4(1, a + 2, 2, 1, 2, a) ∼ K4(a + 1, 1, 1, 2, 3, a),
where a3 and
K4(a + 1, 1, 1, 2, 3, a) ∼= K4(1, 2, 3, a, 1, a + 1).
Case C: Let H ∼= K4(1, 2, 3, ′, ε′, ′). We solve the equationQ(G)=Q(H). From lemma, we have
Q(G)=−r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5 + r+ε+,
Q(H)=−r′ − rε′ − r′ − rε′+1 − r′+1 + r′+2 + 2rε′+3 + r′+4 + r′+5 + r′+ε′+′ .
We denote the lowest remaining power by l.r.p. and the highest remaining power by h.r.p.We know that +ε+=′ +ε′ +′
(from Proposition 1). We obtain the following after simpliﬁcation:
Q(G)=−r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5
Q(H)=−r′ − rε′ − r′ − rε′+1 − r′+1 + r′+2 + 2rε′+3 + r′+4 + r′+5
By considering the h.r.p. in Q(G) and the h.r.p. in Q(H), we have max{ε + 3,  + 4,  + 5} = max{ε′ + 3, ′ + 4, ′ + 5}.
Without loss of generality, only the following six cases need to be considered.
Case 1: If max{ε + 3, + 4, + 5} = ε + 3 and max{ε′ + 3, ′ + 4, ′ + 5} = ε′ + 3, then ε = ε′. After cancelling −rε in
Q(G) with −rε′ in Q(H), cancelling −rε+1 in Q(G) with −rε′+1 in Q(H), and cancelling 2rε+3 in Q(G) with 2rε′+3 in
Q(H), we have the l.r.p. inQ(G) is  or  and the l.r.p. inQ(H) is ′ or ′. Therefore = ′ or = ′ or = ′ or = ′. From
ε = ε′ and + ε + = ′ + ε′ + ′, we know that the two multisets (, ε, ) and (′, ε′, ′) are the same. Since G ∼ H , from
Proposition 1, we have G is isomorphic to H .
Case 2: If max{ε+ 3, + 4, + 5}= + 4 and max{ε′ + 3, ′ + 4, ′ + 5}= ′ + 4, then we can handle this case in the same
fashion as case 1, so we get G ∼= H .
Case 3: If max{ε+ 3, + 4, + 5}= + 5 and max{ε′ + 3, ′ + 4, ′ + 5}= ′ + 5, then we can handle this case in the same
fashion as case 1, so we get G ∼= H .
Case 4: If max{ε + 3, + 4, + 5} = ε + 3 and max{ε′ + 3, ′ + 4, ′ + 5} = ′ + 4, then ε + 3= ′ + 4.
Q(G)=−r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5,
Q(H)=−r′ − rε′ − r′ − rε′+1 − r′+1 + r′+2 + 2rε′+3 + r′+4 + r′+5.
Consider 2rε+3 inQ(G) and r′+4 inQ(H). 2rε+3 cancel none of the negative terms inQ(G), since ε+3 is the h.r.p. inQ(G).
Thus, there are two terms inQ(H)which are equal to 2rε+3 inQ(G). Therefore, ε+3=′ +4=ε′ +3, or ε+3=′ +4=′ +5.
Case 4.1: If ε+3=′ +4= ε′ +3, then ε= ε′. Thus we can handle this case in the same fashion as case 1; so we getG ∼= H .
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Case 4.2: If ε + 3 = ′ + 4 = ′ + 5, then ′< ′. Since the case of ′ + 4 = ε′ + 3 has been discussed in case 4.1, we can
suppose ′ + 4>ε′ + 3 (which implies ε′′). Consider −rε+1 inQ(G) and +r′+2 inQ(H). It is due to ′< ′ and ε′′
that r′+2 can cancel none of the negative terms in Q(H). Thus, no term in Q(H) is equal to −rε+1(noting ε + 1 = ′ + 2)
in Q(G). Therefore, ε + 1 must equal one of  + 2,  + 4,  + 5 and ′ + 2 must equal one of  + 2,  + 4,  + 5. So
ε + 1= ′ + 2= + 2= + 5 or ε + 1= ′ + 2= + 4= + 5.
If ε + 1= ′ + 2= + 2= + 5, then we obtain the following after simpliﬁcation:
Q(G) : −r − rε − rε+1 + rε+3 + r+5,
Q(H) : −r′ − rε′ − rε′+1 + 2rε′+3.
Consider rε+3 inQ(G). It is due to ε+ 3= ′ + 4>ε′ + 3 that no term inQ(H) is equal to rε+3. This is a contradiction since
nothing inQ(G) can cancel rε+3 (by noting ε + 3 the h.r.p. inQ(G)).
If ε+ 1= ′ + 2= + 4= + 5, from ε+ 3= ′ + 4= ′ + 5 and + ε+ = ′ + ε′ + ′, we have = ε′. Let = c, then
ε= c+ 4, = c+ 1, ′ = c+ 2, ε′ = c and ′ = c+ 3. Thus, P(K4(1, 2, 3, c, c+ 4, c+ 1))= P(K4(1, 2, 3, c+ 2, c, c+ 3)).
We obtain the solution whereG is isomorphic toK4(1, 2, 3, c, c+ 4, c+ 1) andH is isomorphic toK4(1, 2, 3, c+ 2, c, c+ 3).
Case 5: If max{ε + 3, + 4, + 5} = ε + 3 and max{ε′ + 3, ′ + 4, ′ + 5} = ′ + 5, then ε + 3= ′ + 5.
Q(G)= − r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5,
Q(H)= − r′ − rε′ − r′ − rε′+1 − r′+1 + r′+2 + 2rε′+3 + r′+4 + r′+5.
Consider 2rε+3 inQ(G) and r′+5 inQ(H). 2rε+3 cancel none of the negative terms inQ(G), since ε+3 is the h.r.p. inQ(G).
Thus, there are two terms inQ(H) is equal to 2rε+3 inQ(G). Therefore, ε + 3= ′ + 5= ε′ + 3, or ε + 3= ′ + 5= ′ + 4.
Case 5.1: If ε+ 3= ′ + 5= ε′ + 3, then ε= ε′. Thus we can handle this case in the same fashion as case 1, so we getG ∼= H .
Case 5.2: If ε + 3= ′ + 5= ′ + 4, then this case is the same as case 4.2. So we get the same result.
Case 6: If max{ε + 3, + 4, + 5} = + 4 and max{ε′ + 3, ′ + 4, ′ + 5} = ′ + 5, then + 4= ′ + 5, that is
= ′ + 1 (1)
from + ε + = ′ + ε′ + ′, we have
ε + + 1= ε′ + ′, (2)
Q(G)=−r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5,
Q(H)=−r′ − rε′ − r′ − rε′+1 − r′+1 + r′+2 + 2rε′+3 + r′+4 + r′+5.
By considering the l.r.p. in Q(G) and the l.r.p. in Q(H), we have min{, ε, } = min{′, ε′, ′}. There are six subcases to be
considered.
Case 6.1: If min{, ε, } =  and min{′, ε′, ′} = ′. From max{ε + 3,  + 4,  + 5} =  + 4, we know that  + 4 + 5
which contradicts min{, ε, } = . Thus, Case 6.1 does not exist.
Case 6.2: If min{, ε, } =  and min{′, ε′, ′} = ′, then = ′. So, we can handle this case in the same fashion as case 1;
so we get G ∼= H .
Case 6.3: If min{, ε, } = ε and min{′, ε′, ′} = ε′, then ε = ε′. So, we can handle this case in the same fashion as case 1;
so we get G ∼= H .
Case 6.4: If min{, ε, } =  and min{′, ε′, ′} = ε′, then = ε′, from Eq. (2), we have ′ = ε + 1. So we can write Q(G)
andQ(H) as follows:
Q(G) : −r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5,
Q(H) : −r−1 − r − rε+1 − r+1 − rε+2 + rε+3 + 2r+3 + rε+5 + r+4.
After simplifyingQ(G) andQ(H), we have
Q(G) : −rε − r − r+1 + r+2 + rε+3 + r+5,
Q(H) : −r−1 − r+1 − rε+2 + 2r+3 + rε+5.
Consider the term −r+1 in Q(H). It is due to min{, ε, } =  that −r+1 can cancel none of the positive terms in Q(H).
Thus,−r+1 inQ(H)must equal−r or−rε inQ(G) (Since max{ε+ 3, + 4, + 5} = + 4, we have + 4+ 5, that is
+ 1+ 2> + 1. So −r+1 is not equal to −r+1).
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If −r+1 =−r, from Eq. (1), we have = ′. By + 1= , we get
Q(G) : −rε − r+1 − r+2 + r+3 + rε+3 + r+5,
Q(H) : −r − r+1 − rε+2 + 2r+3 + rε+5.
Comparing the l.r.p. in Q(G) and the l.r.p. in Q(H), we have = ε. So ε = ε′ (noting = ε′). From + ε + = ′ + ε′ + ′,
we get = ′. Then G is isomorphic to H.
If −r+1 =−rε , then ε = + 1. So
Q(G) : −r+1 − r − r+1 + r+2 + r+4 + r+5,
Q(H) : −r−1 − r+1 − r+3 + 2r+3 + r+6.
Since no terms in Q(H) are equal to r+4 and r+5 in Q(G), r+4 must be cancelled by −r and r+5 must be cancelled by
−r+1. Then  =  + 4. So far, we have had  = ′ + 1,  = ε′, ′ = ε + 1, ε =  + 1,  =  + 4. Let  = b, then ε = b + 1,
= b + 4, ′ = b + 3, ε′ = b and ′ = b + 2. We obtain the solution where G is isomorphic to K4(1, 2, 3, b, b + 1, b + 4) and
H is isomorphic to K4(1, 2, 3, b + 3, b, b + 2).
Case 6.5: If min{, ε, }= ε and min{′, ε′, ′} = ′, then ε= ′. So, from Eq. (2), we have ε′ = + 1. From Eq. (1), we have
= ′ + 1. Then, we can writeQ(G) andQ(H) as follows:
Q(G) : −r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5,
Q(H) : −r−1 − r+1 − rε − r+2 − rε+1 + rε+2 + 2r+4 + rε+4 + r+4.
After simplifyingQ(G) andQ(H), we have
Q(G) : −r − r − r+1 + r+2 + 2rε+3 + r+5,
Q(H) : −r−1 − r+1 − r+2 + rε+2 + 2r+4 + rε+4.
Consider 2r+4 inQ(H). If possible, only one of 2r+4 can be cancelled by −r−1. So r+4 must be equal to rε+3 inQ(G).
Then + 4= ε + 3. Thus <ε which contradicts min{, ε, } = ε.
Case 6.6: If min{, ε, }=  and min{′, ε′, ′} = ′, then = ′. So, from Eq. (2), we have ε′ = ε+ 1. From Eq. (1), we have
= ′ + 1. Then, we can writeQ(G) andQ(H) as follows:
Q(G) : −r − rε − r − rε+1 − r+1 + r+2 + 2rε+3 + r+4 + r+5,
Q(H) : −r−1 − rε+1 − r − rε+2 − r+1 + r+2 + 2rε+4 + r+4 + r+4.
After simplifyingQ(G) andQ(H), we have
Q(G) : −rε − r − r+1 + r+2 + 2rε+3 + r+5,
Q(H) : −r−1 − rε+2 − r+1 + r+2 + 2rε+4 + r+4.
Consider the term −r+1 in Q(H). It is due to min{, ε, } =  that −r+1 can cancel none of the positive terms in Q(H).
Thus, −r+1 inQ(H) must equal −rε or −r inQ(G) (since max{ε+ 3, + 4, + 5} = + 4, we have + 4+ 5, that is
+ 1+ 2> + 1. So, −r+1 is not equal to −r+1).
If −r+1 =−rε , then ε = + 1. So
Q(G) : −r+1 − r − r+1 + r+2 + 2r+4 + r+5,
Q(H) : −r−1 − r+3 − r+1 + r+2 + 2r+5 + r+4.
That is
−r − r+1 + r−1 + r+2 =−r+3 − r+4 + r+2 + r+5.
Then, we have = + 3. So far, we have had = ′, = ′ + 1, ε′ = ε + 1, + 1= ε, = + 3. Let = b, then ε = b + 1,
= b + 3, ′ = b + 2, ε′ = b + 2 and ′ = b. We obtain the solution where G is isomorphic to K4(1, 2, 3, b, b + 1, b + 3) and
H is isomorphic to K4(1, 2, 3, b + 2, b + 2, b).
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If −r+1 =−r, then = + 1. So,
Q(G)=−rε − r+1 − r+2 + r+3 + 2rε+3 + r+5,
Q(H)=−r − rε+2 − r+1 + r+2 + 2rε+4 + r+4.
Consider the term −r in Q(H). It is due to min{, ε, } =  that −r can cancel none of the positive terms in Q(H). Then,
−r inQ(H) must be equal to −rε inQ(G). So, = ε. ThusQ(G) = Q(H). We get a contradiction.
So far, we have solved the equation P(G)= P(H) and got the solution as follows:
K4(1, 2, 3, c, c + 4, c + 1) ∼ K4(1, 2, 3, c + 2, c, c + 3),
K4(1, 2, 3, b, b + 1, b + 4) ∼ K4(1, 2, 3, b + 3, b, b + 2),
K4(1, 2, 3, b, b + 1, b + 3) ∼ K4(1, 2, 3, b + 2, b + 2, b),
where c1, b2. The proof is complete. 
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